We consider the conformal A n Toda theory in AdS 2 . Due to the bulk full Virasoro symmetry, this system provides an instance of a non-gravitational AdS 2 /CFT 1 correspondence where the 1d boundary theory enjoys enhanced " 1 2 -Virasoro" symmetry. General boundary correlators are expected to be captured by the restriction of chiral correlators in a suitable WA n Virasoro extension. At next-to-leading order in weak coupling expansion they have been conjectured to match the subleading terms in the large central charge expansion of the dual WA n correlators. We explicitly test this conjecture on the boundary four point functions of the Toda scalar fields dual to WA n generators with next-to-minimal spin 3 and 4. Our analysis is valid in the generic rank case and extends previous results for specific rank-2 Toda theories. On the AdS side, the extension is straightforward and requires the computation of a finite set of tree Witten diagrams. This is due to simple rank dependence and selection rules of cubic and quartic couplings. On the boundary, we exploit crossing symmetry and specific meromorphic properties of the W-algebra correlators at large central charge. We present the required 4-point functions in closed form for any rank and verify the bulk-boundary correspondence in full details.
Introduction
Recently, the old subject of quantum field theories in rigid AdS background [1] turned out to be conveniently seen as a non-gravitational instance of AdS/CFT, suggesting new ideas and methods. For example, flat space scattering amplitudes of a massive theory may be obtained at large curvature radius by studying the large scaling dimension regime of the boundary conformal correlators [2] [3] [4] . The specific AdS 2 case attracted much interest from the very beginning [5] [6] [7] and from the AdS/CFT perspective it has very special features, like the conjectured duality between a gravitational theory in AdS 2 and a chiral half of a 2d CFT [8] . 1 In the gravitational context, 2d diffeomorphisms are a gauge symmetry and Virasoro symmetry may appear as an asymptotic symmetry whose boundary manifestation are 1d time reparametrizations [17] [18] [19] , possibly spontaneously broken to SL(2, R) [20] [21] [22] . Instead, for a rigid AdS 2 background, the natural counterpart of this setup is to consider a theory that is locally conformal in the bulk and to explore the occurrence of enhanced boundary conformal symmetry. As a first step in this direction, the analysis in [23] examined the case of Liouville theory [24] [25] [26] with curved space action
It is Weyl-covariant on a fixed curved 2d background with the central charge c = 1 + 6 Q 2 . In particular, on Euclidean AdS 2 background with metric ds 2 = 1 z 2 (dt 2 + dz 2 ) the Liouville field ϕ can be expanded near its constant vacuum expectation value and its fluctuations have classical mass m 2 = 2. Bulk properties of Liouville theory on AdS 2 have been discussed previously [6, 27, 28] , while the recent study in [23] focused on boundary correlators. With Dirichlet boundary condition on the AdS boundary z = 0 the field ϕ has asymptotics ϕ(t, z) z→0 = z 2 Φ(t) + ..., and is dual to the 1d CFT operator Φ(t) with conformal dimension ∆ = 2 obeying the AdS 2 relation m 2 = ∆(∆ − 1). The associated boundary correlators are defined as usual by 2) and can be computed perturbatively in the weakly coupled Toda theory by expanding in Witten diagrams. Since we start from a 2d conformal theory in AdS 2 , we can expect a correspondence between the boundary correlators and standard two-dimensional Virasoro correlators with the same central charge. Indeed, as noticed in [29] , this is true at tree level, i.e. β 1 or c 1. The 2-, 3-and 4-point boundary correlators (1.2) match the correlators of the holomorphic stress tensor T (z) according to
where κ = κ(β) is a proportionality coefficient appearing in the formal identification Φ(t) → κ T (t) upon restriction of the 2d chiral stress tensor to the real boundary z i = t i + iy i → t i . 2 In [23] , the relation (1.3) has been tested beyond the leading tree level approximation by computing the one-loop corrections to various correlators ⟪Φ(t 1 ) · · · Φ(t n )⟫. One of the outcomes of the analysis is the following proposal for the all-order expression of the intertwining coefficient κ(β) κ(β) = − 4Q c = − 4 β(1 + β 2 ) (3 + 2 β 2 )(2 + 3 β 2 ) = − 2 3 β + 7 9 β 3 + · · · .
(1.4)
A natural generalization of the Liouville correspondence (1.3) consists in its extension to conformal Toda theories of non-affine type [30] [31] [32] on the AdS 2 background. In the A n case, expanding near the minimum of the Toda potential, one finds n scalar fields ϕ ∆ with masses m 2 = ∆(∆−1) corresponding to ∆ = 2, . . . , n + 1 [29] . The expected generalization of the duality relation (1.3) reads then
where ⟪Φ ∆1 (t 1 ) · · · Φ ∆n (t n )⟫ = lim z1,...,zn→0 z −∆1 1 · · · z −∆n n ϕ ∆1 (t 1 , z 1 ) · · · ϕ ∆n (t n , z n ) , Q ∆ = {Q 2 ≡ T, Q 3 , . . . , Q n+1 } are the generators of the chiral W n+1 algebra replacing and extending the Virasoro symmetry and with the same central charge of the Toda theory. The coefficients κ ∆i are functions of the Toda coupling entering the correspondence Φ ∆ → κ ∆ Q ∆ . The relation (1.5) was noticed at tree level in [29] in a few sample 4-point functions in the Toda theories associated to some rank-2 algebras with two scalar fields (one dual to the stress tensor T and the other dual to a higher spin chiral field Q s ).
In this paper, we discuss the relation (1.5) for the four point functions involving the two fields with next-to-minimal higher 'spin' ∆ = 3, 4 in the general A n Toda theory. This analysis aims to exclude possible low-rank accidental good properties. Despite being a leading order analysis, not involving loops in AdS, 3 the AdS/CFT matching of the full dependence on the rank n proves to be a quite stringent constraint.
Technically, the A n case is feasible and rather straightforward on the AdS side due to some peculiar regularities of the cubic and quartic couplings with respect to the rank n. At leading non-trivial order, selection rules reduce the calculation to a finite sum of Witten diagrams that can be exactly computed. On the CFT side, the task is in principle harder and amounts to the calculation of 4-point correlators of spin-3 and spin-4 generators of the Casimir W-algebra W n+1 [34] . The structure of such algebras depends non-trivially on the rank n and the fusion structure constants are functions of n and the central charge that are not known in general. Nevertheless, we shall be only interested in the leading and sub-leading correlators at large central charge. Known results about semiclassical Virasoro blocks together with a careful use of crossing symmetry and the meromorphic properties of the correlators will allow a simple determination of the desired correlators for generic rank. 4 Our analysis confirms the validity of (1.5) for the considered 4-point functions in the A n Toda theory, at least at classical level. This lends further support to that relation and, in principle, allows to test higher loop AdS calculations by W-algebraic methods.
The structure of the paper is as follows. In Section 2 we illustrate the tools needed to compute tree level boundary correlators in the A n Toda theory on AdS 2 and present explicit results for the 4-point functions of scalars with ∆ = 3, 4. Section 3 presents the associated results for the dual CFT fields in the W n Virasoro extension. The correlators of generators with spin 3, 4 are computed for generic rank at subleading order in the large central charge expansion. Finally, Section 4 concludes the analysis by checking agreement with the universal relation (1.5). Some technical tools are briefly collected in two appendices.
2 Tree-level 4-point functions in A n Toda theory in AdS 2
We shall consider the A n Toda theory in AdS 2 with classical action, see for instance [36] ,
where β is a coupling and V n will be referred to as the potential. In the special case of A 1 the action reduces to the Liouville action, cf. (1.1). The field φ is an n-component multiplet of scalar fields, α i are the simple roots of the Lie algebra A n and the Weyl vector ρ ∨ satisfies α i · ρ ∨ = 1 for all i = 1, . . . , n. The numbers q i are taken to be the unique solution to the condition
for j = 1, . . . , n. 5 The action (2.1) is Weyl invariant 6 and flat space integrability carries over to any conformally flat background. In particular we are interested in AdS 2 with unit radius and Poincaré coordinates
The kinetic part of the action (including mass terms) is diagonalized by going to a basis of normalized eigenvectors of the matrix
where A is the (symmetric) Cartan matrix of the A n algebra
The mass matrix A ij can be put in a simple tridiagonal form. To this aim, one writes the A n simple roots in the form
β pq e q , where e 1 , . . . , e n are orthonormal vectors in R n . This gives the only non-zero elements
In terms of the rotated fields φ → φ , the Lagrangian reads
where the masses can be written m 2 i = ∆ i (∆ i − 1) with the simple pattern
According to the AdS/CFT dictionary, ∆ i is the conformal dimensions of the dual boundary fields. Since they will turn out to be chiral fields, we shall often refer to ∆ i as the spin quantum number. The non-polynomial potentials V n (φ ) can be expanded in powers of β producing cubic, quartic and higher order couplings. It is convenient to relabel the fields by using their would-be conformal dimension φ i → ϕ ∆i . Besides, for the following discussion, it will be convenient to rescale β → n(n+1)(n+2) 6 β, depending on n, in order to have the same ϕ 3 2 coupling for all n. With these conventions, in the first three cases n = 1, 2, 3, the explicit potentials read We want to discuss the 4-point function of the scalars dual to the first two higher spin fields, those with spin 3 and 4. The non-zero cases are the two diagonal and the one mixed 4-point functions
The numbers q i are not restricted to be integer since a shift of the scalar fields is understood and such that linear terms are removed from the action. 6 This requires a quantum shift
+ β in the last term of the potential in (2.1). This correction will have no effects at the perturbative order of the calculations in this paper. Instead, it is an important ingredient in the loop corrections discussed in [23] .
To compute them in the generic A n Toda theory, we need some of the cubic and quartic couplings at generic n. Not surprisingly, the non zero couplings we shall need are only a finite set. Apart from the 3333, 3344, and 4444 contact Witten diagrams, we can have an exchange in one of three kinematical channels mediated by two cubic interactions. The 33s couplings are non-zero only for s = 2, 4 while the 44s couplings are non-zero only for s = 2, 4, 6. Finally, for the 3344 four-point function we also need the non-zero couplings 34s. Apart from s = 3, there is only s = 5. A systematic analysis of the potentials at increasing rank shows that we can write where the couplings are expressed by the following remarkably simple rational expressions
Notice that in the case of affine Toda theories, the coupling structure is somewhat simpler and there are known selection rules for the cubic couplings, as well as (recursion) relations for their values [37] [38] [39] [40] [41] . Expressions (2.9) are valid for the finite Lie algebra Toda theories and are novel necessary ingredients.
To compute 4-point functions like (2.7) at leading order, we need the bulk-to-bulk propagator for a scalar field in AdS 2 with mass term m 2 = ∆(∆ − 1). It is 10) where the chordal distance is u =
. The bulk-to-boundary propagator is, after suitable field rescaling, 11) and is associated with fields whose 2-point function has coefficient C ∆ . Since we shall be interested in fields with unit normalized 2-point function, one factor C −1/2 ∆i will be attached to any boundary-to-bulk line. Some technical tools for the evaluation of AdS integrals are collected in App. B.
Four point functions involving ∆ = 3, 4 fields in the A n Toda theory
We now compute the 4-point functions (2.7) by evaluating the associated Witten diagrams and using the general couplings in (2.9). The leading order will be given by two boundary-to-boundary propagators and is a disconnected contribution independent on β. This part is almost trivial and will be discussed in the end. Instead, we focus on the non-trivial connected contribution. At leading order, this starts at quadratic order O(β 2 ). 
App. (B)
. We find the connected contribution 
14)
The logarithmic terms ∼ log χ, log(1 − χ) vanish using the explicit form of c 334 and c 3333 , see (2.9). This non-trivial fact will have an explanation in terms of the boundary CFT and will be associated with the absence of anomalous dimensions of the various dual fields. The remaining expression for the 4-point function takes then the following compact form
that obeys the correct crossing relations This may be written Again, the logarithmic terms ∼ log χ, log(1 − χ) vanish using the explicit form of the couplings. This is due to the strange identities 20) that can be easily checked using (2.9). In conclusion, we find
that obeys the correct crossing relations
Finally, we can evaluate the mixed 4-point function ⟪ϕ 3 ϕ 3 ϕ 4 ϕ 4 ⟫ by the same methods. We do not repeat all the steps to get the final result, since they are completely similar to those for the diagonal 4-point functions. From the connected diagrams in Fig. (3) we can write 
General structure of 4-point functions in 2d CFT
Let us review some basic facts about the conformal block decomposition of 4-point functions of primary fields, see for instance [42] [43] [44] . Let us consider four chiral primaries with dimensions ∆ i and define
(3.1) The variable z is again the cross ratio χ = (z1−z2)(z3−z4) (z1−z3)(z2−z4) for the configuration z i = (∞, 1, z, 0). As we discussed in the Introduction, the reason why we consider chiral primaries is that we want to compare with the 1d boundary of AdS 2 that will be parametrized by z restricted to be real z = z.
The function G(z) in (3.1) may be expanded in the s-channel by summing over the exchanged
where C abc are the three point function coefficients for primaries with unit normalization of 2-point function, and an obvious dependence on the central charge is understood. The Virasoro conformal block F(∆, ∆ p ; z) is fully determined by Virasoro symmetry. It is convenient to present it as a sum over contributions from the leveluasi-primaries appearing in the Verma module M (∆ p ) built upon O p . One has
3) where the expansion coefficients χ q (∆, ∆ p ) are fully determined by the Virasoro algebra, i.e. they can be computed by summing over the explicit quasi-primaries that appear in the Virasoro Verma module built on O −∆p |0 . One important special case is the contribution from the identity O p = I. In this case, we have ∆ p → 0 and the constraint ∆ 1 = ∆ 2 and ∆ 3 = ∆ 4 . Then,
, 5) and so forth. Remarkably, one has the general result 6) i.e. the Virasoro block reduces to the global block. This fact will have a role in the following discussion of the 4-point function analysis as a boundary 1d CFT, but we shall need some refinement, see later (3.23).
Virasoro extensions and W n
We are interested in CFT with extended Virasoro symmetry associated with additional chiral generator Q s with integer spin s ≥ 3 [45] . This means that we have the singular operator product expansions (OPE)
where T is the stress-energy tensor, and c the central charge. The conformal Ward identities read
Without higher spin fields, they imply the well known T correlators
For an extension with spins s , s , . . . , usually denoted by W(2, s, s , . . . ), one can postulate a set of OPEs for all the generators (including the stress-tensor). To be consistent, they should be equivalent to associativity in correlators, or Jacobi identities. This is by far a non-trivial constraint, for a review of some basic constructions see for instance [46, 34] . Generally speaking, there are classes of solutions valid for generic central charge (apart from isolated special singular values) as well as specific solutions that are valid only at certain central charges. Here we consider the simplest case of the former type, i.e. the so-called quantum W n ≡ WA n−1 algebra that is the simplest example of a Casimir algebra [47, 35, 48, 49] and contains higher spin generators Q s with spin s = 3, 4, . . . , n. As a preliminary step, we now discuss in some details the 4-point functions for spin 3 and spin 4 generators in W 3 and W 4 . Then, we discuss their large c limit, and its generalization to all W n .
4-point functions in the W 3 algebra
The simplest Virasoro extension is W 3 ≡ W(2, 3) first discussed in [45] . Denoting by Q 3 the spin-3 primary, we have the fusion data (singular OPE between local conformal families) 8 Isolating the poles from the OPE in the 4-point function Q 3 Q 3 Q 3 Q 3 , we get the exact result for the G-function in (3.1)
(3.14)
As a check, one can verify the correct crossing relations
4-point functions in the W 4 algebra
The W 4 ≡ W(2, 3, 4) algebra fusion rules are discussed, e.g. in [50] . Denoting by Q 3 and Q 4 the spin-3 and 4 primaries, we have the OPEs The explicit form of Φ 6 is We want to compute the G-functions associated with the correlators 140(2 + c)(7 + c)(22 + 5c)(114 + 7c)
Large c analysis
The G-functions in (3.14) and (3.21) may be expanded at large central charge
The O(c 2 ) contributions are obvious, they come from disconnected contributions where two pairs of fields fuse into the identity. The next-to-leading O(c) terms, i.e. G 1 (z), display a certain regularity and structural similarity. Finally, the NNLO contributions O(c 0 ) appear to be more involved, but for our present purposes we are interested in the leading and next-to-leading terms.
It is useful to analyze the small z expansion of the G functions in terms of conformal blocks at large c. The wealth of data we want to reproduce is summarized by the following expansions -we add an algebra suffix for better clarity - 
In order to match (3.24) and the general representation (3.2), we need the large c expansion of Virasoro blocks. Let us focus on the case
A systematic expansion of the Virasoro conformal block at large c and fixed dimensions ∆, ∆ p has been computed in [52] [53] [54] . The conformal block can be written 26) where the explicit functions f a (∆ p ) may be found in convenient form in [55] . In particular, for the vacuum block ∆ p = 0 one has simply
Let us now discuss the various cases in (3.24) from this perspective and by means of these tools.
The W 3 case
We begin with a finite c analysis. The simple fusion algebra (3.12) implies that G This is fully consistent with (3.2). Indeed, from (3.14) we can write
where
Comparing the coefficients of the hypergeometric functions with (3.5) at ∆ 1 = ∆ 3 = 3 we see that we can continue (3.28) as , and that the regular part of the OPE Q 3 (z)Q 3 (0) starts with (Q 3 Q 3 ) + · · · .
The large c limit of (3.31) may be computed by expanding both the coefficients and the conformal blocks. This gives
(3.32) Using the explicit expressions one indeed checks that (3.32) reads
in agreement with (3.24). The O(c) contribution, has a very non-trivial origin. They depend on the O(c) term of the complicated coefficient in (3.31). Besides, looking at the O(z 8 ) term in G(z) and in the representation limited to the two terms in (3.31) one sees that there are contributions associated with the dimension 8 primary built with Q 3 and T .
Exploiting the analytic structure At this point, let us make a simple but useful remark. At order O(z 5 ), the full contribution to G W3 3333,1 (z) comes from, cf. (3.32) ,
On the other hand, from crossing symmetry and the meromorphic structure of correlators, we can write
The second crossing condition G W3 3333,1 (z) = (
. Thus, P (z) has only one free parameter. This appears in the small z expansion of (3.36)
Comparing with (3.35) we fix k 1 = 9 5 and P W3 (z) is determined.
In summary, it has been possible to compute G W3 3333,1 (z) by just using the expression for F 1 (3, 3, 0) and some analytical constraint from the meromorphic structure of the correlators. The representation (3.36) fully captures the exact O(c) term in (3.21).
The W 4 case
Let us begin with G 
Matching this to the representation (3.36) and imposing crossing under z → 1 − z is enough to completely determine
The same strategy may be applied to Q 3 Q 3 Q 4 Q 4 . The identity exchange will require the correction
Besides, the s-channel exchange of Q 4 gets a contribution proportional to
Thus we predict (the factor and the combination of (3.42) and (3.45) fully determine the polynomial P (z) and agrees with (3.44) . Finally, the Q 4 Q 4 Q 4 Q 4 4-point function is rather simple. Its polynomial representation obeying all crossing constraints is
Thus, we just need to determine k that appears already at order O(z 4 )
On the other hand, using µ 2 = 
Computing the 4-point functions in W n
We have analyzed the W 3 and W 4 cases to understand what is the origin of the c → ∞ subleading contribution to the 4-point functions of spin 3 and 4 generators. This is important to generalize the derivation to W n . We have shown that the diagonal 4-point functions Q 3 Q 3 Q 3 Q 3 and Q 4 Q 4 Q 4 Q 4 may be computed at order O(c) in terms of the large c expansion of the couplings γ, µ in the Q 3 Q 3 and Q 4 Q 4 OPEs. Other primaries may be present in the Q 4 Q 4 OPE, but they do not enter our method of calculation. Instead, in the mixed 4-point function Q 3 Q 3 Q 4 Q 4 we needed more information, and in particular the primary structure at dimension 6, including the coupling λ. Nevertheless we have seen that by combining the conformal block expansions in the s-and t-channels, these problems can be overcome.
The above considerations are enough to compute the 4-point functions of spin 3 and 4 in the extended W n algebra. To this aim, we just require the n-dependent values of the couplings γ → γ n and µ → µ n . These have been computed in [56] (see also [57, 58] ) based on the free field representation derived in [35] . In our notation, we have the following couplings in W n 11 (γ n ) 2 = 64 n − 3 n − 2 c + 2 5c + 22 c (n + 3) + 2 (4n + 3) (n − 1) c (n + 2) + (3n + 2) (n − 1) , 10 In (3.45), the factor 3 4 γ is the Q 3 Q 4 → Q 3 fusion coefficient, see (3.16) . The factor 1 3 is the inverse spin of the exchanged field, again due to normalization of the two point functions. Finally, the ±1 shift in the 2 F 1 arguments are the conformal dimension difference, see (3.3) .
11 In a more modern perspective, the couplings in (3.50) should be thought as a special limit of the structure constants of the quantum algebra W∞[ν] when ν = n, see also [59] . They are known to obey a remarkable triality symmetry with respect to the ν parameter [60] .
In particular, expanding at large central charge,
The same calculation we did in the W 4 case, cf. (3.38) and (3.48) , gives now the general Q 3 Q 3 Q 3 Q 3 4-point function (at order O(c)) in terms of the polynomial
It reads
The mixed 4-point function Q 3 Q 3 Q 4 Q 4 is determined by the polynomial
and reads
The general Q 4 Q 4 Q 4 Q 4 4-point function turns out to be expressed in terms of the polynomial 56) and reads
Field/generators normalization
The matching is based on the correspondence
The constant κ 2 is somewhat special since Q 2 ≡ T , the stress-energy tensor. We can fix κ 2 as in [29] by considering the Liouville A 1 Toda theory. The Lagrangian for the ∆ = 2 field ϕ 2 is
At leading order, the constant κ 2 is fixed by looking at the two point function. On AdS, we havefor our normalization of the bulk-to-boundary propagator -
and also
Hence (see later for the sign),
To find a relation connecting β with c, we need connected diagrams. The associated (Witten) Feynman rules are (minus is from e −S )
Using (B.2) we can compute the 3-point function
From (3.10) we have
As a further check, we move to the connected 4-point function. This is given by the diagrams in Fig. (4) . Their sum is 
This can be written -let us add explicitly the higher order corrections - should be considered as the leading order term at small β. The central charge of the A n Toda theory is c n = n[1+(n+1)(n+2)(b+b −1 ) 2 ] where b is proportional to β. With our conventions, i.e. requiring (4.11) to hold at leading order for all n, this means that we could expect the following exact AdS/CFT map between the coupling β and the central charge c c = n + 12 π 1 β + n(n + 1)(n + 2) 12 π β 2 = 12π β 2 + n (2n 2 + 6n + 5) + n 2 (n + 1) 2 (n + 2) As we reminded in the Introduction, the subleading O(β 0 ) has been tested for the Liouville A 1 case in [23] , see also [33] for the A 2 theory and other generalizations complementary to this analysis. (1 + O(β 2 )). (4.14)
On the other hand, formula valid when the exchanged field has conformal parameter ∆ E with k = ∆1+∆2−∆ E 2 ∈ N + . In this case, the exchange diagram is given by [64] with similar expressions for the other channels.
17 Any ambiguity associated with odd exponents should be resolved by replacing t 2X ij → (t 2 ij ) X and considering that D is actually a function of χ 2 .
